], we apply the same approximation to the more challenging H 2 O-H 2 system. This approximation reduces the dimension of the H 2 O-H 2 potential from 5D to 3D and greatly enhances the computational efficiency. The global minimum of the original 5D potential is missing from the adiabatic 3D potential for reasons based on solution of the hindered-rotor Schrödinger equation of the pH 2 . Energies and wave functions of the discrete rovibrational levels of H 2 O-pH 2 complexes obtained from the adiabatic 3D potential are in good agreement with the results from calculations with the full 5D potential. This comparison validates our approximation, although it is a relatively cruder treatment for pH 2 -H 2 O than it is for pH 2 -CO 2 . This adiabatic approximation makes large-scale simulations of H 2 O-pH 2 systems possible via a pairwise additive interaction model in which pH 2 is treated as a point-like particle. The poor performance of the diabatically spherical treatment of pH 2 rotation excludes the possibility of approximating pH 2 as a simple sphere in its interaction with H 2 O.
I. INTRODUCTION
The H 2 O and H 2 molecules are two of the simplest chemical species. Their mutual interaction is of crucial importance in diverse areas of investigation and is the subject of vigorous research efforts. One field of particular practical interest is the storage of H 2 in H 2 O cages (clathrates) (Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] , and having a proper understanding of the interaction between H 2 and different cage H 2 O structures is of central importance in this area. The H 2 -H 2 O interaction also plays a significant role in astrophysics, since collisions between these two molecules occur frequently in the interstellar medium, and are responsible for the formation of H 2 O masers. 10 Also, the condensation of H 2 onto icy interstellar dust grains is driven by the H 2 -H 2 O interaction. 11, 12 The theoretical study of such macroscopic systems relies largely on molecular simulations, and they require an accurate and efficiently calculated interaction potential between H 2 O and H 2 .
There have been several attempts to generate accurate potential energy surfaces (PES) for the H 2 O-H 2 system via the use of ab initio computations. [13] [14] [15] [16] [17] [18] Since this system is a typical van der Waals complex, the intramolecular vibrational motions of the covalent H−H and O−H bonds and of the H−O−H angle occur on different time scales than the intermolecular hindered rotations and radial stretching motions of the two moieties. It is therefore wise to freeze or average over those intramolecular vibrational motions to generate a 5-dimensional (5D) rigid rotor PES for the H 2 O-H 2 complex if the potential is not used to study processes involving intramolecular vibrational excitation. Four a) Electronic mail: pnroy@uwaterloo.ca. of the five dimensions are the Euler angles that determine the relevant orientation of the two moieties, and the left-over one determines their separation.
The highest level of ab initio calculation employed in the works cited above is the CCSD(T)-R12 method employed by Valiron et al. 17 In their work, they first generated a reference 5D rigid-rotor PES using the conventional CCSD(T) method 19 with the H 2 O and H 2 held at their equilibrium structures. In the next step, they performed explicitly correlated CCSD(T)-R12 (Refs. 20 and 21) calculations to calibrate the original CCSD(T) PES. Furthermore, they performed CCSD(T) calculations for H 2 O and H 2 structures with non-equilibrium geometries to generate a 9D PES, and used the ground state vibrational eigenfunctions of the two molecules to average this PES to obtain a 5D PES. The success of such an explicitly correlated and vibrationally averaged PES is demonstrated by the two recent works of Wang and Carrington 22 and van der Avoird and Nesbitt 23 who employed this PES to perform exact bound state calculations for the H 2 O-H 2 complex. They both obtained results that were in excellent agreement with experimental data. 24 Despite the success in such a small system, the 5D dimension of this twobody PES is still too high if one is interested in the simulation of many-body systems. The objective of the present work is, therefore, to further reduce the dimension of this PES and to assess the accuracy of such a reduced-dimensional treatment.
H 2 is of special interest because of its bosonic nature, low mass, and weak intermolecular interactions. These three factors make H 2 a good candidate for the observation of superfluidity at low temperatures. Para-H 2 , whose ground state has zero rotational energy, is more likely to exhibit superfluidity than is ortho-H 2 , and there have been several theoretical studies predicting this special property for pH 2 . [25] [26] [27] The ground state of a free rotating pH 2 molecule has a nondegenerate l = 0 spherical harmonic wave function, and its first excited state is the five-fold degenerate l = 2 state with an energy more than 350 cm −1 higher than that of the ground state. In this paper, l is reserved for the rotational quantum number of H 2 , while j is associated with that of H 2 O. This fairly large energy gap suggests that it may be satisfactory to treat the pH 2 molecule in van der Waals complexes diabatically as a sphere. 26, [28] [29] [30] [31] Under this approximation, performing a simple spherical average over the two degrees of freedom (spherical angles) describing the rotation of H 2 about its centre of mass effectively removes these coordinates, and large-scale simulations become much less expensive. However, such an approximation may be too crude when the interaction between pH 2 and its partner(s) is strong enough to substantially hinder its rotation by mixing the ground rotational state with excited states. 32 A more accurate yet equally efficient method is to approximate pH 2 as an adiabatic moiety in the potential of its surroundings, i.e., to adiabatically separate the H 2 -rotation from the other motions. Application of the adiabatic separation of different degrees of freedom in molecular motions dates back to the "Born-Oppenheimer angular/radial separation" introduced by Holmgren et al. 33 to handle atomdiatomic van der Waals complexes more than three decades ago. The same concept was embedded in the "adiabatic bender" approximation of Alexander et al. [34] [35] [36] about 20 years later. Klopper et al. studied HF dimers based on the adiabatic separation of the fast H−F bond stretching from the slow motion of the other degrees of freedom. 37, 38 In the first decade of the present century, Leforestier and co-workers performed theoretical studies on the vibration-rotation-tunneling spectroscopy of the H 2 O dimer, work that was based on the adiabatic separation of the fast intramolecular vibration and the slow intermolecular rovibrational motion. 39, 40 More recently, Li et al. 32 first applied the adiabatic separation to the rotation of pH 2 in the CO 2 -H 2 van der Waals complex, treating pH 2 as an adiabatic-hindered-rotor (AHR) to generate an effective potential that depends only on the two polar coordinates that determine the relative position between a point-like H 2 and CO 2 . Comparisons with the spectroscopic properties generated from their earlier ab initio calculation 41 on the CO 2 -H 2 complex with the full 4D PES showed that the results from the AHR treatment are an order of magnitude closer to the exact values than those from the diabatically spherical (SPH) treatment, and that the agreement between their AHR and exact results is highly satisfactory. Later, this adiabatic effective potential was successfully applied to study the size evolution of the superfluid response of the pH 2 clusters doped with CO 2 . 27 The success of the AHR CO 2 -pH 2 potential inspired us to examine the utility of a similar treatment for the more challenging H 2 O-pH 2 system. Ideally, this approximation would remove the two angles that describe the relative orientation of the rigid H 2 , and the Valiron 5D PES would be reduced to a new 3D adiabatic effective PES. Considering the fact that the H 2 O-H 2 interaction is slightly stronger (235 vs. 220 cm −1 at the respective global minima) and more anisotropic (the leading interaction is dipole-quadrupole vs. quadrupole-quadrupole) than is the CO 2 -H 2 interaction, the AHR approximation is potentially even more important for H 2 O-H 2 , and one may expect a larger AHR-SPH deviation. However, the fact that the rotational constants of H 2 O (the largest one is ∼30 cm −1 ) are of the same order of magnitude as that of H 2 (∼60 cm −1 ), while the rotational constant of CO 2 (∼0.4 cm −1 ) is much smaller, means that the H 2 O rotational level spacings are more similar to those of H 2 than was true for CO 2 , and that the time scale for H 2 O rotation is similar to that for H 2 . Hence, the adiabatic separation between the internal motions of H 2 and H 2 O may not be as good as was the case for H 2 and CO 2 , and the non-adiabatic coupling between the two moieties may be more significant. In order to test the validity of our AHR treatment, results obtained from the AHR PES are compared with the exact higher dimension rovibrational levels calculated by Wang and Carrington 22 and van der Avoird and Nesbitt. 23 The present paper is arranged as follows. Section II provides an introduction to our AHR treatment, and other computational details are given in Sec. III. Section IV examines the features of our 3D AHR PES, and compares it to the original 5D PES and to the 3D diabatic SPH PES. Section V presents and discusses our calculated rovibrational levels and wave functions and compares them with the reference calculations. Concluding remarks are given in Sec. VI.
II. ADIABATIC-HINDERED-ROTOR TREATMENT OF PARAHYDROGEN
Before providing details regarding the Hamiltonian operator, we first need to define relevant coordinate systems. The high-level PES presented by Valiron et al. 17 pertains to a system consisting of one H 2 O and one H 2 ; the coordinates of their PES are illustrated in Fig. 1(a) . In this frame, the spherical coordinates (R, θ, χ) define the position of the centre of mass of H 2 relative to the centre of mass of H 2 O, which is taken to be the origin. The angles (θ , φ ) describe the orientation of H 2 about its centre of mass, with respect to a reference frame parallel to that of H 2 O. Note that when χ = 0
• the vector R lies in the plane of H 2 O, and when φ = 0
• H 2 lies in the plane parallel to the plane of H 2 O.
Our objective is to generate an AHR effective PES that depends only on the position of the centre of mass of pH 2 and treats the pH 2 as a point-like particle. The coordinates of this AHR PES are shown in Fig. 1(b) . Wang and Carrington 22 and van der Avoird and Nesbitt 23 employed the coordinates in Fig. 1(c) to calculate the bound-state rovibrational levels of complexes formed by one H 2 O with one H 2 . Three coordinate frames, the space-fixed frame (SFF), the dimer-fixed frame (DFF), and the water-fixed frame (WFF), were used. Both the SFF and DFF have their origins at the centre of mass of the H 2 O-H 2 complex, while WFF takes the centre of mass of H 2 O as the origin. The Z -axis of the DFF points from its origin to the pH 2 , while the X -axis is defined to be perpendicular to the Z -axis and to lie in the plane containing the Z -axis and the C 2 symmetry axis of H 2 O before rotating the WFF in the DFF. The z -axis of the WFF lies on the H 2 O C 2 axis, and its x -axis lies in the plane containing the three atoms of H 2 O. As we go from Fig. 1 (a) to 1(b) following the AHR treatment of pH 2 , we employ the coordinates in Fig. 1(d) to calculate the rovibrational levels of the H 2 OpH 2 complex. Note the similarity between the coordinates in Fig. 1(d) and those used in the studies of H 2 O-(rare gas) atom complexes, 42, 43 since they share the same number of effective degrees of freedom.
In Figs. 1(c) and 1(d), α and β are the two Euler angles to rotate the SFF to the DFF, and φ, θ , and χ are the three Euler angles to rotate the WFF in the DFF. The first rotation is about the common origin of the SFF and DFF, while the second is about the WFF origin. As noted by van der Avoird and Nesbitt, 23 The total wave function of the complex is a function of the coordinates described in Fig. 1(c) ,
and the total Hamiltonian operator for the complex iŝ
All the kinematic operators are written with respect to the DFF. In this expression,T i stands for the rigid rotor kinetic operators for i = H 2 O or H 2 ; −((¯2/2μ)(∂ 2 /∂R 2 )) is the kinetic energy for the intermolecular stretching motion and μ is the reduced mass of the H 2 -H 2 O pair;ˆ J stands for the total angular momentum operator, andˆ j i stands for the angular momentum operators of H 2 O or H 2 . The term in square brackets is the rotational kinetic operator for the DFF.
Our adiabatic approximation originates with the classical Hamiltonian of the system that has the form,
in which T DFF stands for the kinetic energy of the rotation of the DFF in the SFF. , with an inertial rotational constant of ∼ 60 cm −1 ) is small compared to both those of H 2 O, whose largest rotational constant is around 30 cm −1 , and that of the DFF, which is large mainly because of the large value of R compared to r H 2 and implies a rotational constant of around 0.7 cm −1 . 23 We may, therefore, assume that the angular velocities of the H 2 O and DFF rotations are negligibly small compared to those of the H 2 . This is equivalent to settingφ =θ =χ =α =β = 0, and the T H 2 O and T DFF terms in the classical Hamiltonian are correspondingly neglected.
A possible argument against this approximation is that the difference between the H 2 and H 2 O moments of inertia is not too large (only a factor of two), so the adiabatic approximation may be ill-posed. However, the adiabatic separation becomes more sound from the viewpoint of quantum mechanics. Because of the restriction on the l quantum numbers (even only) of the rotational states of pH 2 , the smallest transition between its rotational levels (l = 0 → l = 2) occurs around 350 cm −1 , which is an order of magnitude larger than the energy of the smallest transition between H 2 O rotational levels (0 00 → 1 01 , at about 25 cm −1 ). This suggests there are different time scales for the rotations of the two species because the typical time scale of a motion is proportional to the reciprocal of the typical transition energy after the motion has been quantized, which is a manifestation of the energy-time uncertainty principle. Thus, the adiabatic approximation may still be valid, up to a point.
Since we are interested in the bound states of the H 2 O-H 2 complex whose radial motion cannot be very fast, given the fairly weak van der Waals interaction, it is safe to assume thatṘ is negligibly small and to drop the (1/2)μṘ 2 term. After all the aforementioned approximations are made, only T H 2 + V remain in the classical Hamiltonian, and the H 2 O merely serves as the source of a potential energy function to adiabatically hinder the H 2 rotation; i.e., the motion of the H 2 rotation is parametrically dependent on the values of R, θ , and χ through the potential. Correspondingly, the total wave function can be written as a product of the H 2 wave function that parametrically depends on its position in the WFF and the wave function of the remaining coordinates, i.e.,
while the adiabatic H 2 state is determined by solving the Schrödinger equation for
The adiabatic state for the motions of the other degrees of freedom | and the total adiabatic energy are obtained by solving the adiabatic Schrödinger equation,
or the equivalent equation,
Within the operator ψ|Ĥ total |ψ , there is a term
which is a pure H 2 contribution to the DFF rotation and is also parametrically depends on R. This term can be absorbed into the adiabatic Schrödinger equation for H 2 , and the corresponding kinematic effect is thus absorbed into the adiabatichindered-rotor potential V AHR . Taking this effect into account, the H 2 adiabatic state is determined by
and the redefined AHR potential V AHR serves as the potential for the motion of H 2 O in the presence of the AHR H 2 . One should note that the presence of (¯2/2μR 2 )j 2 H 2 on the left-hand side of Eq. (9) is solely due to the fact that the angular momentum operator of the DFF is written as a composite operator in the square bracket of Eq. (2) . This means that if we wrote the DFF angular momentum operator explicitly in terms of the derivatives with respect to α and β, the (¯2/2μR 2 )ĵ 2 H 2 term would not appear. Although all calculations described below were performed using the adiabatic potential as obtained from Eq. (9), for future use, we also prepare the adiabatic potential without considering the (¯2/2μR
2 )ĵ 2 H 2 term.
Further approximations can be made to the adiabatic Hamiltonian operator for H 2 O and the DFF: ψ|Ĥ total |ψ . After expansion, we have
Note that for all operators with the form ψ|Ô |ψ , the bra ψ| should act after all the derivatives inÔ have been applied to the operand; e.g.,
where the parentheses around the inner product ( ) denotes that the derivative only applies to the parameters of the ket state, and x stands for any arbitrary parameters of |ψ : R, θ , or χ . Because of the purely imaginary nature of the operatorˆ j H 2 and the real nature of |ψ , hermiticity guarantees ψ|ˆ j H 2 |ψ = 0, so the −2ˆ J · ψ|ˆ j H 2 |ψ term in Eq. (10) 
If we make the following further approximations:
then the adiabatic Hamiltonian operator is reduced to the same form as that for H 2 O interacting with a rare gas atom, 42 , 43
where the superscript "BO" denotes the resemblance to the Born-Oppenheimer treatment of the nuclear vibration problem on an adiabatic electronic PES. Similarly, in the present work, we ignore all the diagonal adiabatic correction to the kinematic operators and employĤ BO to calculate the rovibrational levels of the H 2 O-pH 2 complex. The approximation of Eq. (14) is hidden in Eq. (13), asT H 2 O containsĵ the validity of Eqs. (12) and (13) largely depends on the variation of |ψ with respect to R, θ , and χ , or in another view, on whether the ground state energy of |ψ lies close to any excited state energy. 46 We find that the ground AHR state |ψ is well energy-separated from the lowest excited state (by at least 192 cm −1 , which is very large compared to the rovibrational transitions presented in Sec. V) at any R, θ , and χ configuration. Thus, one should not expect |ψ to vary rapidly with respect to its parameters, and the calculated results below confirm the small effect of the diagonal adiabatic correction terms. Note that those diagonal adiabatic correction terms can be added to the calculation as done in Ref. 47 , and such a treatment may be performed in the future.
III. COMPUTATIONAL DETAILS
Spherical harmonics Y lm (θ , φ ) are used as basis functions to solve the AHR equation for H 2 (Eq. (9)). To compare our results with those of van der Avoird and Nesbitt, 23 we use their H 2 rotational constant (B = 59.3398 cm −1 ) in calculating the matrix elements ofT H 2 , as well as the same number (l max = 8) of spherical harmonic basis functions. Since we are interested in pH 2 , only spherical harmonics with even l numbers are used, and we hardly observe any contribution from the basis functions with l = 6 or 8 in the ground AHR state |ψ . Gaussian-Legendre and Gaussian-Chebyshev quadratures are used to perform integration over θ and φ , respectively, in the evaluation of potential matrix element,
and 32 and 64 quadrature points are used for θ and φ . We solve Eq. (9) on a grid of 48 R values ranging from 2.5 to 30 a 0 with a dense distribution around the strong interaction region (5.5-9 a 0 ), 19 θ values ranging from 0
• to 180
• with a 10
• interval, and 10 χ values ranging from 0
• to 90
• interval. 
which collapse to the diabatic spherical rotor potential V SPH . The comparison between V AHR and V SPH reveals the anisotropy of the H 2 rotation at the presence of H 2 O and the possibility of treating H 2 as a simple sphere in the molecular dynamic studies of the larger H 2 O-H 2 systems.
A product of eigenkets of symmetric-top rotations |jkK |JKM is used as the elementary angular basis to solve the adiabatic rovibrational Schrödinger equation for the complex,Ĥ
|jkK describes the motion of the WFF in the DFF and |J KM describes the motion of the DFF in the SFF. M stands for the projection of the total angular momentum J along the SFF Z-axis, and K for the projection along the DFF Z -axis, while k stands for the projection of the H 2 O angular momentum j on the WFF z -axis (the C 2 axis). After the AHR treatment, pH 2 becomes a point-like particle and H 2 O is the only source of rotation about the Z -axis, and thus the bases |jkK and |J KM share the same K value. The common K value in the product basis is closely related to the special character of the Euler angle φ in Figs. 1(c) and 1(d). φ can be viewed as the third Euler angle of the DFF rotation in SFF or the first Euler angle of the WFF rotation in DFF, and the same angular velocity naturally gives the same projection of the angular momentum on the Z -axis. Given this picture, one may take this angle as the first Euler angle of the WFF rotation and take the third Euler angle of the DFF rotation to be zero, 22, 23, 42 or vice versa. 43 We adopt the first point of view, and write the basis set in the space representations as
where {D J MK } are the Wigner functions. 45 Since our adiabatic potential V AHR (R, θ, χ) does not depend on the orientation in the SFF,Ĥ BO is isotropic in the SFF, and J and M are good quantum numbers. Also, applying the inversion, operation to V AHR (R, θ, χ) with respect to the centre of mass of the complex will change it to V AHR (R, θ, −χ ), 22 which is equal to V AHR (R, θ, χ) for the C 2v symmetry of the potential in the WFF. Therefore,Ĥ BO is invariant to the inversion and the associated eigenstates have definite parity. Consequently, our elementary angular basis |jkK |J KM can be combined to give a parity-adapted basis,
where if P = 0 (1), the basis is even (odd) under the inversion, the quantum numbers that are conserved byĤ BO are superscripts, and δ is the Kronecker δ. The evenness or oddness of k determines whether para-or ortho-H 2 O is considered. 22, 23 As in the works of Refs. 22-24, we use the spectroscopic parity e and f to label our adiabatic rovibrational states, and e and f correspond to (−1)
J +P = 1 and −1. We also use the same number of angular basis functions (j max = 10) as did Ref. 23 
in order to remove the linear dependent and null bases. For the intermolecular radial stretching, the sine discrete variable representation (DVR) basis 48 {R n } is employed, and there are a total of 45 DVR basis vectors in the range [4 a 0 , 26 a 0 ], which is identical to the selection of Wang and Carrington. 22 The eigenstates ofĤ BO A6)-(A8) ), we still try assigning K and j K a K c labels to the eigenstates ofĤ BO as Wang and Carrington did. 22 The comparison with their assignments can be used to judge the quality of our adiabatic wave functions. The approach used for K assignments is the same as in Ref. 22 , and is not detailed here. All states of concern in this work have principal K values of 0 or 1, and they are labeled as and states, respectively. For the j K a K c assignment, since Wang and Carrington found that most of the pH 2 states have H 2 O rotation with quantum number j = 0 or 1, we do not perform the general unitary transformation for the eigenstate into the |j K a K c basis as they did. Rather, we simply apply the projection operators |0 00 0 00 |, |1 10 1 10 |, |1 11 1 11 |, and |1 01 1 01 | to the eigenstate to pick out the corresponding components.
Another way to assess our wave functions is to calculate the transition line strengths between the rovibrational levels and compare with results in Ref. 22 . The transition line strength between two states is defined as
One 42), and we adapt his formula to our parity-adapted basis. The matrix element formula is also given in the Appendix.
IV. THE AHR EFFECTIVE POTENTIAL
Before examining our AHR potential, we should recall some features of the Valiron PES. It has one global minimum and one local minimum. 17 The global minimum lies at R = 5.82 a 0 , θ = 0
• , and θ = 0 • , with a binding energy of 234.15 cm −1 ; the local minimum lies at R = 6.07 a 0 , θ = 119
• , and φ = 90 • , with a binding energy of 199.40 cm −1 . Note that the θ and φ angles in this section are defined with respect to a H 2 -frame that rotates along with R and has its z -axis pointing along R in the WFF. This is illustrated in the coordinates of Fig. 2(b) , and one should not take the values of θ and φ in Fig. 1(a) as defining the local minimum. Given the new frame, one can see that the local minimum has H 2 perpendicular to the plane of H 2 O. Using the terminology of Zhang et al., 15 the global minimum is called the H 2 proton donor (H 2 PD) configuration and the local minimum H 2 proton acceptor (H 2 PA) configuration.
In stark contrast to the 5D PES, V AHR does not have any minimum corresponding to the H 2 PD configuration, and its only minimum is quite close to the H 2 PA configuration, with θ = 110
• and χ = 0 • . Since the θ and φ degrees of freedom are lost after the AHR (or SPH) treatment, the term "configuration" only refers to a set of R, θ , and χ values, and this is different from the discussion of the 5D PES above. Contour plots of the V AHR and V SPH minima are shown in Fig. 3 , with their corresponding R values being plotted in Fig. 4 . At θ = 0 • (corresponding to the H 2 PD configuration before the adiabatic treatment), the V AHR value is more than 20 cm −1 higher than the global minimum, which is at θ = 110
• , χ = 0 • , and R = 6.35 a 0 . This orientation is close to the 5D H 2 PA configuration.
This change of global minimum from the 5D PES to V AHR can be explained by examining the potential surfaces in Fig. 2 . Figure 2 (a) clearly indicates that any H 2 rotation away from the θ = 0
• H 2 PD configuration increases the potential energy steeply. This strongly localized minimum must correspond to a very large kinetic energy, because of the uncertainty principle. In contrast, Fig. 2(b) demonstrates a low energy trough for the rotation about the z -axis when θ = 90
• . This low-energy trough attenuates the kinetic pressure 54, 55 and lowers the V AHR value. This can also be explained in light of the wavefunction. The ground state of a pH 2 hindered rotor must have a mainly l = 0 character that equally samples all orientations of θ and φ , and the one low-energy H 2 PD configuration makes little contribution to V AHR . On the other hand, the low-energy trough in Fig. 2(b) 
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Adiabatic-hindered-rotor J. Chem. Phys. provides many more low energy configurations of θ and φ to be sampled by the spherical wave function and leads to the lower V AHR . According to Zhang et al., 15 the H 2 PA configuration is stabilized by the bond-pair electrons of H 2 interacting with the electropositive hydrogen atom of H 2 O. Apparently this interaction does not change substantially along with rotation of the H 2 bond about the O−H bond axis, and the low-energy trough is formed.
The pH 2 AHR ground state wave function at the H 2 PD configuration can be decomposed to be 0.9357s + 0.0639d + 0.0003g, (24) while the one at the H 2 PA configuration is 0.9239s + 0.0757d + 0.0004g, (25) in which the conventional atomic spectrum symbols s, d, and g are used to label spherical harmonics with l = 0, 2, and 4. The coefficients are the probabilities of the respective components, and should not be misunderstood as the basis set coefficients in wave function expansions. These compositions confirm the mainly s-character in the pH 2 AHR rotor and the negligible contributions from functions with l > 4, as mentioned before. The distribution densities of the two states are illustrated in Fig. 5 . The low-value surfaces reveal the dominant s-character in both cases, while the high-value ones reflect the mixing in of d-character. Because of the C 2v symmetry of the H 2 O-potential at the H 2 PD configuration, only the d 0 basis is of the same irreducible representation as the s basis and can mix in the ground state to form the d 2 z -type distribution in Fig. 5(a) . This distribution reflects the polarization of the H 2 distribution (from a sphere to a quadrupole) in the presence of the H 2 O to have greater sampling of the θ = 0
• low-energy configuration. In the present work, the word "polarization" is used to describe the change of pH 2 rotational wave function in the presence of its interaction partner and should not be misunderstood as electric or magnetic polarization in the usual sense.
Another s-d polarization is observed at the H 2 PA configuration, as is illustrated in Fig. 5(b) . The d-contribution, which looks like a "lifesaver" around the z -axis, mainly comes from the d 2 -and d −2 -(or d xy -and d x 2 −y 2 -) components that peak in the plane perpendicular to the z -axis (the x -y plane). Obviously, this d-type distribution corresponds to H 2 rotation in the low-energy trough of the H 2 PA PES, and increases the sampling of such low-energy configurations. The larger equilibrium intermolecular distance (R e ) at the H 2 PA configuration after the AHR treatment (6.35 vs. 6.07 a 0 ) reflects the weaker anisotropy for the larger R, 17 which leads to the flatter PES of Fig. 2(b) with both a higher minimum (lowenergy trough) and a lower maximum (high-energy edge) that favours the equal sampling of (θ , φ ) configurations by the s-component of the AHR wave function.
The difference between V SPH and V AHR is more significant than in similar comparison for the CO 2 -pH 2 complex. 32 For that species, the two types of PES have similar topographies, and their minima differ only by 8.15 cm −1 . However, Fig. 3 shows significantly different topographies between V SPH and V AHR , as V SPH has its minimum at θ = 76
• , and R = 6.17 a 0 , while that of V AHR lies at θ = 110
• , and R = 6.35 a 0 . Furthermore, the difference between the energies of the AHR and SPH minima (−97.56 vs. −78.70 cm −1 ) is more than twice as large as that for the CO 2 complex. This large difference is attributed to the fact that since it has a permanent dipole, the H 2 O molecule is expected to polarize the distribution of the pH 2 more than does the CO 2 molecule, which has only a quadrupole moment, and thus more polarization energy is obtained. This is also consistent with the larger d-contributions seen in Eqs. (24) and (25), compared to the negligible contribution in the CO 2 complex, for which it is always smaller than 2%. Figure 4 shows that for a given orientation (θ , χ ), the equilibrium intermolecular distance of the AHR complex is about 0.1 a 0 shorter than the SPH, a result consistent with the stronger interaction. Overall, the substantial difference between the AHR and SPH potential energies excludes the possibility of treating pH 2 as a diabatic sphere 26, [28] [29] [30] [31] in its interaction with H 2 O.
V. ROVIBRATIONAL LEVELS OF THE AHR POTENTIAL
This section presents our calculation of the rovibrational levels of the H 2 O-pH 2 complexes using V AHR , and compares them with the exact calculations. Note that the word "exact" in the following discussion is associated with the results of computations based on the full 5D Valiron PES. 22, 23 It should not be mistaken for highly accurate experimental data or theoretical results obtained without any approximation. We focus on comparisons of the calculated energy levels and wave functions. The quality of our adiabatic wave functions is judged based on their reproducibility of the K-and j K a K cassignments, of the 2D probability densities, and of the transition line strengths yielded by the exact wave functions. 
A. Adiabatic rovibrational energy levels
The calculated bound-state rovibrational levels for pH 2 O-pH 2 and ortho-H 2 O-pH 2 are summarized in Tables I  and II. These tables have the same format as Tables II and  III we see that the AHR energy levels are qualitatively consistent with the exact results, as we can unambiguously associate the AHR levels with the exact levels, and there are no bound f states for the para-H 2 O-pH 2 complex in our calculation. All of the adiabatic levels are lower than the corresponding exact levels, as illustrated in Figs. 6 and 7 where all the AHR correlation points lie below the y = x line. This is not inconsistent with the variational principle, since an approximation has been introduced to the Hamiltonian operator (from Eq. (10) to Eq. (15)), and not only to the wave function. The largest deviations occur for the ground states of the two systems (para-and ortho-H 2 O complexes), which are −1.1822 cm −1 for the J = 0 e state of the para-H 2 O complex and −1.4349 cm −1 for the J = 0 e state of the ortho-H 2 O complex. These values amount to 3.5% and 11.2% errors when they are divided by the ground state energies from van der Avoird and Nesbitt. 23 All reported percent errors in this work are with respect to the exact results, i.e., deviation divided by the reference value. While the former error is fairly small, the large 11.2% error seems to indicate that the AHR treatment is too crude for the ortho-H 2 O-H 2 complex. However, when the −1.4349 cm −1 error is divided by the binding energy D 0 of the exact calculation for such a state (i.e., by 36.6336 cm −1 ), the percent error decreases to 3.9%. Note that the dissociation limit of the ortho-H 2 O-pH 2 complex corresponds to an ortho-H 2 O with a ground state rotational energy of 23.7994 cm −1 , and this should be added to the energy levels to calculate D 0 , 23 whereas the para-H 2 O-pH 2 complex has no rotational energy at the dissociation limit, and its D 0 is equal to the negative of its ground state energy. The similar D 0 percent errors tend to indicate the AHR model works for both systems. The fact that the ground states have the largest error is consistent with the observation for the CO 2 -pH 2 AHR vibrational spectrum (see Table II of Ref. 32) . This is because the ground states have the shortest intermolecular distance and the strongest coupling between the motions of the two molecules, which makes the adiabatic approximation crudest for such cases. The largest CO 2 -pH 2 ground-state error TABLE II. Bound state rovibrational levels of ortho-H 2 O-pH 2 in cm −1 . The dissociation limit has an energy of 23.8994 cm −1 . The percentages of the -and -characters are shown in parentheses following the level energies, if they are smaller than 99%. Spectroscopic parity and j Ka Kc labels are also used to characterize the states. The intermolecular stretching vibrationally excited state is denoted by asterisk. For comparison, the reference exact results from van der Avoird and Nesbitt (Ref. 23 ) are given in italic font under the AHR results. is 0.404 cm −1 , which is only 0.7% of the ground state binding energy. 32 Thus, it is clear that the AHR model is distinctly cruder for the H 2 O-pH 2 complexes.
Since chemistry is more concerned with energy differences, rather than absolute energy values, we use the two ground-state levels as zero points to calculate the excitation energies for all the bound states in Tables I and II , and compare with the results obtained through similar calculations using the data of van der Avoird and Nesbitt. 23 Since all the adiabatic levels are systematically lower than the exact levels, these errors are partially cancelled in calculating such excitation energies. The largest errors of this type are 1.0145 cm state. The similarity of these errors for the e and f states are understandable, as their parity splitting is small (discussed below). The large percent errors are caused by the relatively small excitation energies (7.4061 and 6.7810 cm −1 from Ref. 23 ) for the two transitions, despite the relatively small absolute errors (0.5080 and 0.5383 cm −1 ). Therefore, they do not invalidate our approximation, and the agreement between our adiabatic excitation energies and the exact results is generally good.
For comparison, we also calculated the rovibrational levels for the para-H 2 O complex using V SPH , and the results are included in Table I (numbers in parentheses). In accordance with its shallower potential well depth (see Fig. 3 ), the energies of the states with the ground intermolecular vibrational state are much higher than the AHR (exact) levels by about 6 (5) cm −1 . The AHR-SPH deviations for the intermolecular vibrational excited states are much smaller, by about 1 cm −1 . This is because the two moieties are farther apart for the radial excited states, and the H 2 rotation is less hindered. However, the J = 2 e * state becomes unbound when V SPH is used. Thus, the unsuitability of the SPH treatment for pH 2 rotation in spectroscopic calculations is clearly demonstrated. Similar SPH calculations were also carried out for the ortho-H 2 O complex, and the deviations there are even larger. Moreover, some SPH levels cannot even be unambiguously associated with the exact levels. In view of this poor performance, the SPH treatment is not discussed further here.
B. Adiabatic rovibrational wave functions
The first criterion for the quality of our adiabatic wave functions is the accuracy of jK a K c level assignments. These assignments fully agree with those of Wang and Carrington, 22 and this confirms that our wave functions capture the H 2 O rotational character correctly. Wang and Carrington did not give the percentage of the main j K a K c components in each wave function, and neither do we. However, all the assigned j K a K c components contribute more than 94% to the adiabatic wave functions, and the assignments are unambiguous. The almost pure H 2 O rotational component in each wave function tends to suggest that the H 2 O rotation is also adiabatically hindered in the presence of pH 2 , and consequently, that an AHR treatment could also be applied to H 2 O. However, because of the much smaller energy spacings between the H 2 O rotational levels, coupling between different rotational levels is very likely to happen in the presence of more than one pH 2 , so we see little point in developing potentials with both H 2 O and pH 2 treated using the AHR approach.
The K-assignments also parallel those of van der Avoird and Nesbitt. 23 We reproduce not only the principal K-value for each state, but also its percent contribution to the wave function, with the largest error being 3% (our 63% vs. their 60% for the J = 1 e * state of the ortho-H 2 O complex). An interesting observation in Table II is the pairwise K-component percentages for the and states in the same intermolecular vibrational level with the same j K a K c symbol and spectroscopic parity. For example, the e (1 01 ) state has 92%, 82%, and 76% of -contributions for J = 1, 2, and 3, and the corresponding e (1 01 ) state has 92%, 83%, and 76% of -contributions; the e * (1 01 ) state makes a 63% -contribution for J = 1, and the corresponding e * (1 01 ) state makes a 64% -contribution. This pattern clearly indicates that there is little contribution from basis functions with K ≥ 2 for the bound states, and that the mixing of K-components only happens between and states. The neglect of the higher K-components is due to there being negligible contributions from j > 1 H 2 O rotational states (K being bounded by j ) in the wave functions, as they require excitation energies that are larger than the dissociation energies of the two complexes. On the other hand, the C + J,K and C − J,K values increase as J increases, and so does the Coriolis coupling (see Eq. (A1)). Consequently, the -mixing increases as J increases, and this leads to a monotonic declining of the percentage of the principal K-component, as is observed in Table II .
Obviously, the parity splitting is all due to terms with (−1) P in Eqs. (A1), (A3), (A6), and (A7). Since the (−1) P term in the matrix elements ofT H 2 O and V AHR is always associated with a δ K,0 factor, one can come up with a two-step parity splitting scheme for the states as follows. The first step comes from the parity-dependent Coriolis mixings with the states. The second comes from the -components in the already split e and f states, which respond paritydependently toT H 2 O and V AHR . This scheme suggests that the larger the -mixing, the larger the parity splitting for the states, and this is consistent with the fact that from J = 1-5, the splitting between the e (1 01 ) and f (1 01 ) states increases from 0.5949 to 5.0427 cm −1 , along with an increase of the -contribution from 8% to 33% in the e state. As seen in the preceding subsection, when the parity splitting is small for these two states at J = 1, they even have similar errors in excitation energies compared to the exact values.
In accordance with the conclusion of van der Avoird and Nesbitt, 23 only one quantum of intermolecular vibration can be excited within the bound states; we label all of these intermolecular vibrational excited states by an asterisk in Tables I  and II . Whether the state is an intermolecular vibrational excited state or not is judged by examining the radial distribution function,
The resultant distribution functions for the J = 0 e and e * states of the para-H 2 O complex are plotted in Fig. 8 . Although the bimodal structure of the radial distribution for the e * state is obvious, one may still argue that it is not a pure vibrational excited state since the radial distribution does not go to zero and a true radial node is absent. In fact, the excited state has 5% contribution of the H 2 O 1 11 rotational state, so it is also partially a rotational excited state. Consequently, the position of the nodal plane must have some dependence on the orientation (θ, χ), and for every orientation the radial node lies at a slightly different R value. This orientational smearing of the radial node yields the apparently nodeless radial distribution for the e * state shown in Fig. 8 . However, this does not impair our assignment for the radial vibrational states, since the radial excitation is always dominant compared to the associated rotational excitation for the asterisk-denoted states. The radial distributions for the other states are similar to the two typical cases in Fig. 8 , with slight differences regarding the peak and node positions. Depending on the purity of the rotational components of the radial excited states, their radial distribution may have a true node.
In order to obtain an overall image of how well our adiabatic wave functions represent the distribution of the pH 2 around the H 2 O, we compute the 2D orientational distribution function,
for the four ground states of the two parities for each of the two types of H 2 O complexes; the resulting contour plots are presented in Fig. 9 . The lowest-energy f state of the para-H 2 O complex, a pure f state, is not bound, and thus has no entry in Table I . When these four panels are compared with the distributions of the corresponding states from the exact calculations of Wang and Carrington (Figs. 8(a)-8(d) ), 22 the differences between the two sets of contour plots are not discernible. The pH 2 distribution around a H 2 O molecule is well represented by our adiabatic wave functions, a result that is very important for future studies of large clusters of H 2 with our AHR treatment. Finally, we calculated the transition line strengths between some rovibrational levels and compare with the results of Wang and Carrington. 22 The results (in units of μ Tables III and IV. These two tables have the  same format as Tables IX and X Tables III  and IV are slightly different from those in Tables I and II Table IV ). However, those exact line strengths are very small 2 ) for transitions between rovibrational levels of the ortho-H 2 O-pH 2 complex. The labels and energies (AHR and exact) of the J = 1 levels are given in the header row, and those of the J = 2 levels in the first column. The reference results of Wang and Carrington (Ref. 22) for both energies and line strengths are given in parentheses. "x" means that this transition is forbidden. The symbols after the line strengths are associated with the transitions shown in Fig. 10 . in magnitude ( 10 −2 ), and, therefore, are very sensitive to wave function error. Moreover, taking the square of the matrix element to obtain the transition line strengths amplifies the deviations. All considered, we are satisfied by the fact that our adiabatic line strengths are qualitatively consistent with the reference values, as they have comparable orders of magnitude.
VI. CONCLUDING REMARKS
We have presented an adiabatic-hindered-rotor treatment for pH 2 in its interaction with H 2 O. This approximation is based on the assumption that the pH 2 rotation is much faster than the motions of other degrees of freedom, and can therefore be adiabatically separated out. After making this approximation we solve the Schrödinger equation for the H 2 rigidrotor taking the other degrees of freedom as parameters, and the resultant eigenvalues form the effective adiabatic potential for the motion of H 2 O in the presence of an adiabatically hindered pH 2 rotor. This approximation reduces the dimension of the original rigid-rotor H 2 O-H 2 potential from 5D to 3D and leads to a substantial reduction in computational effort. A thorough examination of the resultant adiabatic potential shows striking differences from the original 5D potential. In particular, the original global minimum associated with the H 2 proton donor configuration disappears, and the new global minimum is associated with the H 2 proton acceptor configuration. This difference can be understood in terms of the optimization of the AHR ground states at the two configurations.
The accuracy of this adiabatic approximation is tested via calculation of the bound-state rovibrational levels of the H 2 OpH 2 complexes, and the results are very convincing. Most of the adiabatic level energies lie within 1 cm −1 of the exact energies, and the few exceptions are associated with large excitation energies, and have small percent errors. Computational spectroscopists may think of these errors as being large. However, in the interest of the high computational efficiency brought by the adiabatic approximation, we consider that this sacrifice of accuracy is acceptable. The j K a K c -and Kassignments of our adiabatic wave functions are quantitatively consistent with the exact results, and the contour plots of the 2D H 2 distribution functions around H 2 O are indiscernible from the exact distributions. The transition line strengths calculated from the adiabatic wave functions are qualitatively consistent with those yielded by the exact wave functions, despite their small values and high sensitivity to wave function error. These observations lead to the conclusion that the wave functions based on our adiabatic-hindered-rotor treatment are very accurate and can be used for calculating system properties and corrections based on perturbation theory that include matrix elements of the adiabatic wave functions. We also compare the diabatically spherical treatment with the adiabatic-hindered-rotor treatment and find much larger differences between those two approximations than was the case for the CO 2 -pH 2 complex. We attribute this to the stronger polarization of the pH 2 rotation by the H 2 O dipole compared to the CO 2 quadrupole. The poor performance of the diabatically spherical treatment excludes the possibility of treating pH 2 as a simple sphere in molecular simulations of H 2 O-pH 2 systems.
We plan to use our accurate new 3D AHR potential in Feynman path integral simulations of water-doped pH 2 clusters. The removal of the rotational degrees of freedom for the pH 2 molecule allows one to avoid use of the corresponding high-temperature density matrices (Eq. (2.39) of Ref. 56) in path integral simulations, which are highly resource-consuming to evaluate and store as the number of pH 2 molecules grows. Also, application of the efficient pairproduct action approximation 57 is straightforward for an ensemble of point-like pH 2 . Thus, the validation of the AHR approximation in the present work paves the way for subsequent large-scale path integral studies.
